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Abstract. This paper presents a traction controller for combined driving and cor-
nering conditions, based on explicit nonlinear model predictive control. The pre-
diction model includes a nonlinear tire force model using a simplified version of 
the Pacejka Magic Formula, incorporating the effect of combined longitudinal 
and lateral slips. Simulations of a front-wheel-drive electric vehicle with multiple 
motors highlight the benefits of the proposed formulation with respect to a con-
troller with a tire model for pure longitudinal slip. Objective performance indi-
cators provide a performance assessment in traction control scenarios. 
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1 Introduction 
Extensive literature is available on the topic of wheel slip control, including adaptations 
for combined driving/braking and cornering conditions. For example, the traction con-
troller (TC) in [1] applies a dynamic saturation of the electric motor torque, by using a 
friction circle formulation and the estimated lateral tire force. In [2] the longitudinal 
slip reference is varied as a function of the estimated slip angle. However, the wheel 
slip control implementations based on model predictive control (MPC), such as [3]-[5], 
do not include adaptations for combined slip conditions. To the best of our knowledge, 
the only contribution in this direction is in [6], which proposes an MPC control alloca-
tion scheme adopting a linear tire model with varying slip stiffness as a function of slip 
angle. 
This paper presents a TC based on explicit nonlinear model predictive control 
(eNMPC). The prediction model includes a nonlinear tire force model in the form of a 
simplified version of the Pacejka Magic Formula, incorporating the effect of combined 
longitudinal and lateral slips. The benefits of the proposed formulation are highlighted 
through simulations of traction control scenarios with a front-wheel-drive electric ve-
hicle with in-wheel motors. 
In summary, the novelties of this study are: 
 The eNMPC based traction controller with a nonlinear tire model for combined slip. 
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 The objective assessment of the benefits of the combined slip formulation within the 
prediction model of the traction controller, with respect to a tire model for pure lon-
gitudinal slip. 
2 Optimal control problem formulation 
2.1 Prediction model 
The prediction model is a half car model or a quarter car model, depending on whether 
the specific vehicle is two-wheel-drive or four-wheel-drive, with a nonlinear formula-
tion of the steady-state tire force of the driven wheel. The states are the longitudinal 
component of the vehicle speed in the wheel reference system, 𝑣௫, and the angular 
wheel speed, Ω. The vehicle body dynamics are described by: 
 
ௗ௩𝑥ௗ௧ = ଵ௠𝐻/𝑄 ܨ௫ (1) 
where 𝑚𝐻/ொ is the relevant mass (representing half or a quarter of the vehicle), ݐ is 
time, and ܨ௫ is the longitudinal tire force. By neglecting rolling resistance, the wheel 
dynamics are given by: 
 
ௗΩௗ௧ = ଵ௃𝑊 ሺ𝑇𝑊 − 𝑅௟ܨ௫ሻ (2) 
where ܬ𝑊 is the wheel mass moment of inertia, and 𝑅௟ is the loaded wheel radius. The 
wheel torque, 𝑇௪, is calculated as: 
 𝑇𝑊 = 𝑇௥௘௤ − Δ𝑇 (3) 
where 𝑇௥௘௤ is the torque request from a higher level controller (e.g., a drivability con-
troller or a torque-vectoring controller), and Δ𝑇 is the torque reduction imposed by the 
TC. 
The longitudinal tire force in pure longitudinal slip conditions, ܨ௫଴, is approximated 
with a simplified version of the Pacejka Magic Formula, with peak factor, ܦ௫, constant 
shape factor, ܥ௫, and stiffness factor, ܤ௫: 
 ܨ௫଴ = ܦ௫ሺܨ𝑧ሻ sinሺܥ௫ tan−ଵሺܤ௫ሺܨ𝑧ሻߢ௫ሻሻ (4) 
where ߢ௫ is the longitudinal slip and ܨ𝑧 is the vertical tire load. The peak factor is de-
fined as: 
 ܦ௫ = ሺ𝑃஽௫ଵ + 𝑃஽௫ଶ݀ ?݂?ሻߣ𝜇ܨ𝑧 (5) 
where 𝑃஽௫ଵ and 𝑃஽௫ଶ are constants, and the scaling factor ߣ𝜇 depends on the estimated 
tire-road friction coefficient. The normalized change in vertical load is: 
 ݀ ?݂? = 𝐹𝑧−𝐹𝑧బ𝐹𝑧బ  (6) 
where ܨ𝑧଴ is the nominal wheel load. The stiffness factor is defined as: 
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 ܤ௫ = ௄𝑥𝜅஼𝑥஽𝑥 (7) 
with ܭ௫𝜅 expressed as: 
 ܭ௫𝜅 = ሺ𝑃௄௫ଵ + 𝑃௄௫ଶ݀ ?݂?ሻ݁𝑥݌ሺ𝑃௄௫ଷ݀ ?݂?ሻܨ𝑧 (8) 
where 𝑃௄௫ଵ, 𝑃௄௫ଶ and 𝑃௄௫ଷ are constants. 
The influence of combined slip conditions on the longitudinal tire force, ܨ௫, is mod-
eled through the weighting function ܩ௫𝛼, with constant shape factor, ܥ௫𝛼, and variable 
stiffness factor, ܤ௫𝛼: 
 ܩ௫𝛼 = cosሺܥ௫𝛼 tan−ଵሺܤ௫𝛼ሺߢ௫ሻ𝛼ሻሻ (9) 
where 𝛼 is the slip angle. ܤ௫𝛼 is defined as: 
 ܤ௫𝛼 = 𝑅஻௫ଵ cosሺtan−ଵሺ𝑅஻௫ଶߢ௫ሻሻ (10) 
with constants 𝑅஻௫ଵ and 𝑅஻௫ଶ. The longitudinal tire force in combined slip conditions 
is given by: 
 ܨ௫ = ܨ௫଴ሺߢ௫ሻܩ௫𝛼ሺߢ௫, 𝛼ሻ (11) 
 
Fig. 1. Longitudinal tire force characteristics as functions of longitudinal slip, for six vertical 
loads and two slip angles. The black lines indicate the tire forces calculated with the full version 
of the Pacejka Magic Formula (version 5.2); the colored lines correspond to the tire forces ac-
cording to the simplified Magic Formula based tire force prediction model. 
Fig. 1 reports the longitudinal tire force characteristics as functions of longitudinal 
slip in high tire-road friction conditions, at six vertical loads (ranging from 1.0 kN to 
8.5 kN), for 𝛼 = 0 deg and 𝛼 = 8 deg. The graphs are calculated with: i) the full version 
5.2 of the Pacejka Magic Formula used in the vehicle simulation model for control 
system assessment, parametrized with real world tire data (black lines); and ii) the sim-
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plified Pacejka Magic Formula of the TC prediction model, according to (4)-(11) (col-
ored lines). The good match of the results for both slip angle values confirms the accu-
racy of the simplified tire model formulation.  
In traction the longitudinal slip is: 
 ߢ௫ = − ௩ೞ𝑥௩ೝ  (12) 
with the slip speed, 𝑣௦௫, defined as: 
 𝑣௦௫ = 𝑣௫ − 𝑣௥ (13) 
and the linear speed of rolling, 𝑣௥, given by: 
 𝑣௥ = Ω𝑅௘ (14) 
In (14) the effective radius, 𝑅௘, in free rolling conditions is estimated as: 
 𝑅௘ = 𝑅଴ − 𝜚଴ ቀܦோ௘ tan−ଵ ቀܤோ௘ 𝐹𝑧𝐹𝑧బቁ + ܨோ௘ 𝐹𝑧𝐹𝑧బቁ (15) 
where 𝑅଴ is the unloaded wheel radius, 𝜚଴ is the tire deflection at the nominal wheel 
load, and ܦோ௘, ܤோ௘, and ܨோ௘ are constant coefficients. The vertical tire deflection, 𝜚, is 
defined as the ratio between the vertical tire load, ܨ𝑧, and vertical stiffness, ܥ𝑧: 
 𝜚 = 𝐹𝑧஼𝑧 (16) 
Hence, the loaded wheel radius in (2) is calculated as: 
 𝑅௟ = 𝑅଴ − 𝜚 (17) 
2.2 Cost function and constraints 
The objective of the traction controller is to prevent excessive growth of the longitudi-
nal slip while tracking the torque request, 𝑇௥௘௤, generated by a higher level controller, 
and therefore minimizing the wheel torque reduction, Δ𝑇. Hence, the cost function, 𝑉, 
of the optimal control problem of this study is defined as: 
 𝑉 = ∫ ሺݎ௨Δ𝑇ଶ + ݍ௦ݏଶሻ௧𝑘+𝑇௧𝑘  ݀ݐ (18) 
where ݐ௞ is the current time step, 𝑇 is the prediction horizon, and ݎ௨ and ݍ௦ are tuning 
weights. The weights include scaling factors to allow equivalent influence in the tuning 
procedure. The slack variable, ݏ, is positive if the actual longitudinal slip, ߢ௫, exceeds 
the reference value, ߢ௫,௥௘௙, in the soft constraint: 
 ߢ௫ ൑ ߢ௫,௥௘௙ + ݏ (19) 
Based on Eq. (18), an increase of ݍ௦ improves the slip tracking performance, while 
an increase of ݎ௨ reduces the TC torque corrections. Appropriate additional constraints 
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are applied, e.g., to ensure that the corrected wheel torque does not exceed the request 
from the higher level controller: 
 0 ൑ Δ𝑇 ൑ 𝑇௥௘௤ (20) 
Additionally, the slack variable must be positive semi-definite to only relax and not 
tighten the soft constraint: 
 ݏ ൒ 0 (21) 
2.3 Explicit approach to nonlinear model predictive control 
The resulting nonlinear formulation is parametrized and discretized to solve the optimal 
control problem. This leads to a multi-parametric nonlinear programming (mp-NLP) 
problem. An explicit approach (see [5] and [7]) is chosen for a solution implementable 
in real-time on embedded hardware, i.e., the MPC optimization is solved offline and its 
solution is stored on the control hardware.  
The parameter vector for the mp-NLP problem is 𝑥௣ = [𝑣௫, ߢ௫, ܨ𝑧, 𝛼, 𝑇௥௘௤]. The lon-
gitudinal slip, ߢ௫, is selected as parameter, as the resulting formulation scales better in 
the parameter space exploration than the formulation with the wheel speed, Ω.  
The eNMPC algorithm employs multi-parametric quadratic programming (mp-QP) 
approximations of the mp-NLP problem. The local mp-QP approximations on orthog-
onal partitions are derived by second order Taylor series expansion of the cost function, 
and first order Taylor series expansion of the constraint functions. The accuracy is con-
trolled via iterative and recursive partitioning of the parameter space.  
The explicit approximate solution of the mp-NLP problem is defined by piece-wise 
affine functions on polyhedral regions. The online computation reduces to the identifi-
cation of the polyhedral region for a given parameter vector value, 𝑥௣, and the evalua-
tion of the associated receding horizon feedback law. Therefore, the computationally 
demanding online solution of the NLP is avoided. 
3 Simulation results 
The results are obtained with a high fidelity MATLAB/Simulink simulation model of 
a case study front-wheel-drive electric vehicle with in-wheel motors. The tire model of 
the simulator is based on the version 5.2 of the Pacejka Magic Formula (see Fig. 1). 
The tire force transients are represented with the realistic relaxation length formulation 
proposed in [8]. All MPCs are simulated with a prediction model discretization time of 
3 ms, 5 prediction steps, 1 control step, and a sampling time of 6 ms. 
Fig. 2 reports an example of TC simulation results. The vehicle is initially traveling 
at a speed of 50 km/h. At the beginning of the relevant part of the maneuver, a ramp 
steer is initiated with a steering wheel angle rate of 60 deg/s. During the steering appli-
cation, a sequence of torque request steps is imposed by the higher level controller. The 
reference wheel torque is the same on the two driven wheels. The figure compares the 
results with: i) controller (a), i.e., the eNMPC based traction controller of Section 2, 
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with the combined longitudinal and lateral tire force model in (11); and ii) controller 
(b), i.e., the nonlinear model predictive traction controller with the tire force model in 
(4), purely based on longitudinal slip. Controller (b) is implemented implicitly, i.e., the 
solution of the nonlinear model predictive control problem is calculated online at each 
time step. 
 
Fig. 2. Time histories of wheel torques, longitudinal slips, tire slip angles, and vertical tire loads, 
for controllers (a) and (b). The subscripts ‘FL’ and ‘FR’ indicate the front left and front right 
corner. 
Controller (a) provides significantly better longitudinal slip tracking performance, 
especially in conditions of large tire slip angles. This can be observed in Fig. 2 for the 
last three torque request steps, where the TCs need to apply a torque reduction on both 
driven wheels. For the first three torque request steps, both traction controllers intervene 
only on the inner wheel, i.e., the left wheel, because of its lower values of vertical load, 
which facilitate wheel spinning. The lower levels of longitudinal tire slip with traction 
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controller (a) lead to a smaller reduction of the lateral tire forces, and thus result in 
higher values of vehicle yaw rate, in comparison with controller (b). 
To objectively assess the performance of the controllers, the following indicators are 
introduced: 
 ܬଵ, i.e., the integral of the absolute value of the control error, normalized with time: 
 ܬଵ = ଵ𝑇మ−𝑇భ ∫ |݁𝜅|𝑇మ𝑇భ ݀ݐ (22) 
where the slip violation, ݁𝜅, is defined as ݁𝜅 = ߢ௫ − ߢ௫,௥௘௙ if the longitudinal slip 
exceeds the slip reference ߢ௫,௥௘௙ = 0.08; otherwise ݁𝜅 is set to zero. 
 ܬଶ, i.e., the integral of the absolute value of the control action, normalized with time: 
 ܬଶ = ଵ𝑇మ−𝑇భ ∫ |Δ𝑇|𝑇మ𝑇భ ݀ݐ (23) 𝑇ଵ and 𝑇ଶ are the times at the beginning and the end of the relevant part of the simula-
tion, i.e., 𝑇ଵ = 0 s and 𝑇ଶ = 4 s in the specific test. ܬଵ and ܬଶ are calculated for each front 
wheel, and then the respective values for the front left and front right corners are 
summed up to obtain the overall TC indicator.  
Table 1 reports the performance indicators for the maneuver of Fig. 1 for: i) the im-
plicit version of controller (a), indicated as iNMPC (a); ii) the explicit version of con-
troller (a), indicated as eNMPC (a); and iii) controller (b), implemented implicitly, and 
therefore indicated as iNMPC (b).  
The enhanced longitudinal slip tracking performance of controller (a) is evident. In 
fact, for both versions of controller (a) the indicator ܬଵ has significantly lower values, 
by a factor > 5, with respect to iNMPC (b). This is associated with larger torque reduc-
tions for controllers (a), which are reflected in the higher values of ܬଶ. eNMPC (a) shows 
marginally inferior performance compared to iNMPC (a), because of the approxima-
tions in the generation of the explicit solution. This performance degradation can be 
tuned – and reduced to a minimum – with appropriate choice of the approximation 
tolerances for the algorithm generating the explicit solution. 
  Table 1. Values of the controller performance indicators for the maneuver in Fig. 1. 
 Controller ܬଵ,𝐹௅ + ܬଵ,𝐹ோ (-) ܬଶ,𝐹௅ + ܬଶ,𝐹ோ (Nm)  
 iNMPC (a) 3.3e-3 1046  
 eNMPC (a) 3.5e-3 1190  
 iNMPC (b) 17.7e-3 946  
4 Conclusion 
This study presented the design, implementation and performance assessment of an 
eNMPC based traction controller for combined slip conditions. The simulation results 
demonstrated the influence of tire slip angle on the longitudinal slip tracking perfor-
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mance, which improved by a factor > 5, according to the defined indicator, for the con-
trollers including a combined slip formulation, with respect to the case of a prediction 
model considering only longitudinal slip.  
Future steps will focus on the revision and extension of the proposed explicit non-
linear model predictive traction controller to meet the practical requirements for its ex-
perimental implementation on a vehicle demonstrator with multiple electric motors. 
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